Stable Irrationality of Varieties

Bu Chenjing

ABSTRACT

We present several methods of showing the existence of stably irrational
varieties within a given family, and we show the infinitude of stable birational
classes in the family of quartic threefolds.
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1 Introduction

For a projective variety, there are various notions of rationality, describing how
close a variety is to the projective space.

Definition 1.1. Let k be a field, and let X be a projective k-variety.
e X is rational, if there exists n € N, such that
X isbirational to  Py.
Equivalently, we have k(X) ~ k(x, ..., x,) as k-algebras.
e X is stably rational, if there exist m, n € N, such that
X x P isbirational to  Pp.

Equivalently, we have k(X)(yy, ..., y,) =~ k(x,, ..., x,) as k-algebras.

e X is retract rational, if there exists n € N, and open sets U C X,V C P},
together with two maps

f:U->V, g:V-U,
such that g o f =1id.
e X is unirational, if there exists a dominant rational map
Pp > X.
Equivalently, there exists a map k(X) — Kk(x,, ..., x,,) of k-algebras.

e X is rationally connected, if for every algebraically closed field K containing
k, and any two K-points x, y € X(K), there exists a rational curve

[P — Xg
joining them, i.e. we have f(0) = x and f (o) = y.

These notions are sorted from strong to weak, i.e. every notion implies its next
one. A natural question to ask is that whether these implications are strict.

In 1972, Artin and Mumford [AM72] gave an example of a variety that is uni-
rational but not retract rational. More recently, Voisin [Voil5] developed a defor-
mation method which can show that a very general member of a family of varieties
is not retract rational, as long as it contains one particular example that is not retract
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rational. This method was then modified by Colliot-Théléne and Pirutka [CTP16]
to show that over C, a very general quartic hypersurface in P* is not retract rational.
They also developed the specialisation method, with which they can provide more
general examples of smooth varieties that are not retract rational over number fields
and local fields.

In this article, we give an exposition of the methods and results mentioned
above, and we show the infinitude of stable birational classes in the family of quartic
threefolds (Theorem 5.7).

2 Criteria for rationality

In this section, we relate rationality with several other invariants of a variety. We
show that retract rationality implies that these invariants are trivial. The results are
summarised in the following diagram, although some assumptions are dropped:

retract — universally decomposition trivial
rational CH-trivial of the diagonal Brauer group.

Chow groups

In this subsection, we recall the definition and some basic properties of the Chow
groups of a variety. A general reference is [Ful98].
In the following, let k be a field, and let X be a k-variety.

Definition 2.1. Let d be an non-negative integer. The free abelian group

zZcx

where Z runs through all d-dimensional integral closed subvarieties of X, is called
the group of d-cycles of X.

In other words, a d-cycle of X is a finite sum Y, ;[ Z,], where each n; is an
integer, and each Z; is a subvariety of X. For example, a 0-cycle is a linear com-
bination of closed points.

Let V' C X be a (d + 1)-dimensional integral closed subvariety, and let f €
k(V)* be a rational function on V. The principal divisor of V' corresponding to f,
denoted by div(f), can be naturally seen as a d-cycle of X. This defines a map of
abelian groups

div: k(V)* - Z,(X).

Definition 2.2. The d-th Chow group of X is defined by

CH,(X) = coker( D K~ zd(X)),

where V' runs through all (d + 1)-dimensional integral closed subvarieties of X.
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If X has dimension n, we write
74(X)=2,_4X) and CH?(X)=CH,_,(X).

An element of the Chow group is thus a class of cycles. We say that the cycles
in the same class are rationally equivalent.

Here we explain four operations of the Chow group: proper pushforward, flat
pullback, the intersection product, and the Gysin map.

Definition 2.3. Let f : X — Y be a proper map of k-varieties, and let Z C X be
an integral closed subvariety of dimension d. We define

£12] = 0, if dim f(Z) < d,
: k(f(Z2)) : K(DILf(Z)], if dim f(Z) =d,
as a d-cycle of Y, where

e f(Z)isanirreducible closed subset of Y, which we see as an integral closed
subscheme.

e The field extension k(f(Z))/k(Z) is finite because it is finitely generated
and of transcendence degree 0.

This extends linearly to a pushforward map
Jot Zy(X) = Zy(Y).

It turns out that proper pushforward preserves rational equivalence [Ful98,
§1.4]. We thus obtain a pushforward map of Chow groups

S+t CHy(X) - CH,(Y).
Next, we introduce the flat pullback of Chow groups.

Definition 2.4. Let f : X — Y be a map of k-varieties, which is flat of relative
dimension r. Let Z C X be an integral closed subvariety of dimension d. We
define

r1zZ1=1171(2)
as a(d + r)-cycle of Y, where
e f~1(Z) is the scheme-theoretic inverse image, i.e., Z Xy X.

o [f _1(Z )] denotes the sum ), m;[ Z;], where the Z; are the irreducible com-
ponents of f~!(Z), and m; is the geometric multiplicity of Z; in Y2,
defined as the length of the local ring O -1z 7 .

This extends linearly to a pullback map

[ Zy(Y) > Zyy (X).
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It turns out again that flat pullback preserves rational equivalence [Ful98, §1.7].
Switching to the cohomological indexing notation, we get a pullback map of Chow
groups

f*: CHY(Y) » CHY(X).

Now, we introduce the intersection product of cycles.
Let Z,,Z, C X be two integral closed subvarieties. We can form their
“scheme-theoretic intersection”

ZanZ=Zl XX Zz.

However, this does not always produce cycles of the expected dimension, as the
subvarieties may not be in a general position to intersect. To work around this
difficulty, we use the Gysin map of the diagonal map, which acts as a pullback
along a closed embedding.

The Gysin map is defined for vector bundles as follows.

Theorem 2.5. Let p: E — X be a vector bundle of rank r. Then the flat pullback
p*: CHy(X) —» CH,,(E)

is an isomorphism for all d. Its inverse is called the Gysin map, and denoted by i',
where i is the zero section map X — E.

See [Ful98, §3.3].

Recall that a regular embedding is a closed embedding of schemes, such that
the ideal sheaf is locally generated by regular sequences. For example, a closed
embedding of smooth varieties is always a regular embedding.

For a regular embedding, the normal cone is a vector bundle. We can use this
property to extend the definition of the Gysin map to this case.

Definition 2.6. Leti: Z — X be aregular embedding of constant codimension e.
The Gysin map
i': CH,(X) - CH,_,(Z)

is defined as follows. Let N, X denote the normal bundle of Z in X, and let
6:Z,X)—>Z;(N,X)

be the map given by
[V]- [Nz V]

This map respects rational equivalence [Ful98, §5.2], inducing a map
o: CH,(X) - CH,(N,X)

We then compose this map with the Gysin map defined in Theorem 2.5, giving the
desired map
i': CH,(X) = CH,_,(Z).
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Using the Gysin map as a pullback along the diagonal map, we can define the
intersection product of cycles.

Definition 2.7. Let X be an n-dimensional projective variety. The intersection
product is a map of graded abelian groups

- CH*(X) ® CH*(X) —» CH*(X),
defined as follows.

e If X is smooth, we define this map by the composition

X A
CHd1 X)® CHdz(X) — CHd1+d2(X X X)— CHd1+d2_n(X),

where X denotes the cross product map sending [Z,] ® [Z,] to [Z,| X Z,],
and A: X — X X X is the diagonal map, which is a regular embedding.

e If X is arbitrary, we can always embed X in some PV, so that we can regard
cycles of X as cycles of PV, and intersect them in PV .

This product equips the Chow groups with the structure of a graded ring, called
the Chow ring.

Rationality and zero-cycles

Definition 2.8. We say that amap f: X — Y of k-varieties is universally CH,-
trivial, if

e f is proper.
e For any field extension F /K, the pushforward map
[« CHy(Xp) = CHy(Yy)
is an isomorphism.
If Y = Speck, then we say X is universally CH,-trivial. This means that
e X is complete.
e For any field extension F /K, the degree map
degr: CHy(Xp) = Z
is an isomorphism.

We will show that retract rationality implies universal CH,, triviality. The proof
will need a few lemmas. First of all, we prove a moving lemma for 0-cycles.
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Lemma 2.9. Let X be a smooth projective kK-variety, with K infinite and perfect,
andletU C X be adense open set. Then every 0-cycle of X is rationally equivalent
to one supported in U.

Proof. We follow [CT0S, Complément]. Write Z = X \ U, and let p € Z be a
closed point. It suffices to show that the O-cycle [p] is equivalent to one supported
inU.

Let g € Oy , be alocally defined non-zero function that vanishes on Z. Since
X is smooth, we can find aregular sequence f/, ..., f,_; of @X,p’ where n = dim X,
such that g # 0 in the quotient @X,p/(fl, ... Ju—1)- This can be done by working
in affine coordinates and taking the f; to be linear functions.

The ideal (f|, ..., f,_;) defines a curve in a neighbourhood of p. Taking its
closure in X, we obtain a closed integral curve C in X, which is regular at p and is
not contained in Z.

Let f: D — C be the normalisation of C. Then D is regular (normality im-
plies regularity in codimension one), and hence smooth since k is perfect. Also,
D is quasi-projective [EGA-II, Corollary 7.4.10], and f is finite [EGA-II, Corol-
lary 7.4.6], and hence proper [EGA-II, Corollary 6.1.11].

Let g be the inverse image of p, which is a single point as C is regular at p. Let
W be a neighbourhood of g in D, such that |, is an isomorphism. For example,
we can take W to be the inverse image of the smooth locus of C.

The 0-cycle [¢] is equivalent to a O-cycle supported in W \ f~'(Z). Indeed,
we have to find a rational function on D that has a simple zero at ¢, and is defined
on the finite set (D \ W)U f~1(Z). As D is quasi-projective, this can be done by
taking a suitable linear function on the projective space.

Finally, we consider the pushforward along the proper map D — C — X.
Since it preserves rational equivalence, we are done. |

Remark 2.10. This is a special case of [EGA-II, Proposition 7.4.9], but the proof
given here is more elementary.

Lemma 2.11. Let Kk be a finite field, and let U C P be a non-empty open set.
Then for any extension F /K of sufficiently large degree d, the open set Up C P,
contains an F-rational point.

Proof. Let g be the cardinality of k. Let f be a non-zero homogeneous polynomial
over k, which vanishes outside U'.

In P, when q¢ > deg f, there are at least (q¢ - deg f)" rational points where
f does not vanish. Indeed, by induction on n, one easily shows that a non-zero
polynomial of degree  on A’ does not vanish at at least (¢ — r)" rational points,
provided that ¢¢ > r.

Hence U}, contains a rational point whenever ¢¢ > deg f. O

Theorem 2.12 (Colliot-Théléne and Pirutka). Let X be a smooth projective k-
variety. If X is retract rational, then X is universally CH-trivial.
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Proof. First, we suppose that the base field k is infinite. Since retract rationality is
preserved under change of base field, it suffices to prove that X is CHy-trivial over
k,i.e. deg, : CHy(X) — Z is an isomorphism.

By definition, there exist non-empty open sets U C X, V' C P}, and maps

v-Lv v,

whose composition is idy;.

Let P € U be a closed point, and write Q = f(P) € V. Then we have
induced maps of residue fields x(P) — x(Q) — «(P), whose composition is
id,p). Therefore, we have

k(P) ~ k(Q).

Let F denote this field. We then consider the diagram

P';:DVFLUFCXF

L]

Sy —f SsUCX.

There exists R € p~'(Q) such that k(R) ~ F. This is because p~' (Q) ~ Spec(F®
F), and we can take R to be the point defined by the maximal ideal which is the
kernel of the multiplication map F @, F — F.

Let A € V' C Py be a k-rational point, which exists since k is infinite. Let
L~ PIF C P’ be a line connecting R and A . The map g, sends L to a rational
line L’ in U, which is a rational F-map P}. —> U. This map extends to a map

L': Py - Xp,

which is proper since P} is complete [EGA-II, Corollary 5.4.3]. This is a line
connecting the points g (R) and g (Ap).

As R is an F-rational point, we have k(gp(R)) ~ F and x(gp(Ap)) ~ F.
Hence, the pushforward map of L’ on CH,, gives

[gr(R)] = [gp(Ap)] € CHy(Xp).
Pushing forward to X, and noticing that k(g(A)) ~ k, we thus have
[P]=[F : k][g(A)] € CHyX).

By the moving lemma 2.9, every 0O-cycle of X is equivalent to one supported
in U, which, as we have shown, is equivalent to a multiple of [g(A)]. Since
degy [g(A)] = 1, this shows that X is CHj-trivial over k.

Finally, if k is a finite field, by Lemma 2.11, we can apply the above argument
to an extension F /k of sufficiently large degree d. Since the composition

CHy(X) 2 CHy(X ;) —> CHy(X)
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is multiplication by d, where p: X — X is the projection, it follows that every
O-cycle of X of degree 0 is d-torsion in CHy(X). Hence it must be zero, since d
can be chosen to be two coprime values. Moreover, this also shows that X has two
O-cycles of coprime degrees, and hence, the degree map deg: CHy(X) — Zis
surjective. |

We also mention the following criterion for universal CH-triviality of a mor-
phism, which will be useful later.

Theorem 2.13 (Colliot-Théléne and Pirutka). Let f : X > Xbea proper mor-
phism of K-varieties. Suppose that

e For every point M € X, not necessarily closed, the fibre X IS universally
CHy-trivial as a k(M )-variety.

Then f is universally CHy-trivial.

Proof. 1t suffices to show that f, : CHO()? ) = CHy(X) is an isomorphism.

By assumption, this map f, is surjective. Let x be a O-cycle of X, such that
f(x) is equivalent to zero. We need to show that x is equivalent to zero.

In this case, there exist finitely many integral curves C; C X, and functions
g; € k(C,), such that

£ = 3, dive, (g).
Let #; be the generic point of C;. By hypothesis, each fibre X y, contains a O-cycle
Z j nij[Dij]

of degree 1, where n;; € Z. We regard each D;; as a curve in X. Then each
function g; o f defines a rational function g;; on D;;. Write

x'=x= divp, (g;)-
Then we have an equality of cycles f,(x") = 0.

Let us write x’ = ). x,Q,-’ where Q; € X are distinct points, and x’Ql_ is a 0-
cycle of X supported in the fibre X o,- The fact that f, (x") = 0 implies that each

x’Qi has degree 0. It follows from the hypothesis applied to X o, that x’Q’_ is rationally
equivalent to zero. Therefore, x’ is equivalent to zero, and so is x. O

Decomposition of the diagonal

We now give an equivalent characterisation of universal CH-triviality. We show
that it is equivalent to the existence of a decomposition of the diagonal class in the
Chow group of X X X.
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Definition 2.14. Let X be a complete k-variety of dimension n. A decomposition
of the diagonal of X is given by an equation

[Ay]=D+[X]Xx, inCH,(X X X),
where

e [A ] is the pushforward of [X] € CH,(X) along the diagonal map X —
X xX.

e D is an n-cycle of X X X, supported in Z X X for some closed subvariety
Z C X of codimension at least 1.

® X, is a0-cycle of X of degree 1.

In order to show that this property is equivalent to CH-triviality, we introduce
the notion of a correspondence.

Definition 2.15. Let X and Y be complete k-varieties, of dimensions m and n,
respectively. A correspondence from X to Y is an element of the set

Corr(X,Y) = CH, (X X Y).

We view a correspondence as a generalised version of a graph of a map from X
to Y. In this way, we can compose correspondences as if we are composing graphs
of maps. Namely, for f € Corr(X,Y) and g € Corr(Y, Z), we define

gof =p,([XI1xg)-(fx[Z]) € Corr(X,Z),

where p: X XY X Z — X X Z is the projection map.
Moreover, we have a group homomorphism

Corr(X,Y) ®, CH,(X) — CH,(Y),
(f,@) = p(f - (@x[Y]),

where p: X XY — Y is the projection map. In particular, this induces an action
of Corr(X, X) on CH, (X).

(2.15.1)

Proposition 2.16. Complete k-varieties and correspondences form a category,
which admits a functor from the category of complete k-varieties and k-maps. The
functor CH, factors through this functor. O

Before proving the main theorem, we need a lemma.

Lemma 2.17. Let X be an integral k-variety, and let n be its generic point. Con-
sider the map

nxidy : Spec(k(X)) X X = Xy, > X X X.

The pullback of the diagonal class is the class of the generic point of X, which is a
0-cycle of Xy x, of degree 1.
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Proof. We may assume X = Spec A is affine. Then the pullback of the diagonal
class is the closed point defined by the maximal ideal, which is the kernel of the
multiplication map

K(X)® A - k(X).

The residue field is thus k(X). O

Theorem 2.18 (Colliot-Théleéne and Pirutka). Let X be a smooth, integral, com-
plete k-variety. Then the following are equivalent.

(1) X is universally CHy-trivial.

(ii) X has a O-cycle of degree 1, and the degree map deg : CHy(Xyx)) = Z is
an isomorphism.

(i) X admits a decomposition of the diagonal.

Proof. The implication (i) = (ii) follows from the definition of universal CH-
triviality.

Assume (ii). Let a be a 0-cycle of X of degree 1, and let f € CH(Xy(y,) be
the class of the generic point of X. Then by hypothesis, we have

By [Blo10, Lemma 1A.1], we have

CH"(Xyx)) = Ug(;(h;&ﬂ CH"(U x X).
By Lemma 2.17, the map CH"(X X X) — CH"(Spec(k(X)) X X ) =~ CHy(Xyx))
maps the diagonal class [Ay] to f. Therefore, there exists a non-empty open set

U c X, such that
[Ulxa=[Ay] inCH,(U x X).

Let Z = X \ U. By [Ful98, §1.8], we have an exact sequence
CH,(Zx X) - CH,(X X X) - CH,(U X X) = 0,
which implies that there exists D € CH,(Z X X), such that
D=[X]Xa—-[Ay] inCH,(X X X).

This proves (iii).
Now assume (iii), and let

[Ay]=D+[X]xx, inCH,(XXX)

be a decomposition, with D supported in Z X X. Let F be an extension of k.
Consider the action of Corr(X, X) on CHy(X ), as defined in (2.15.1). Since
[A ] acts as the identity, so does D + [X] X x.
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On the other hand, by the moving lemma 2.9, every 0-cycle of X can be moved
out of Z. This shows that the action of D is 0, as in the defining equation (2.15.1),
we are taking the intersection product of two disjoint cycles. But for any 0-cycle y
of X, the action of [X] X x, sends it to

P (IXTX x0) - (7 X [XD) = p,(r X xo) = (deg¥) xo,
where p: X X X — X is the second projection. This implies that CHy(Xf) is
generated by x,, which has degree 1. This proves (i). O
The Brauer group

In this subsection, we show that the existence of a decomposition of the diagonal
implies the triviality of the Brauer group.

Definition 2.19. The (cohomological) Brauer group of a scheme X is the étale
cohomology group
Br(X) = H*(X,G,,)).

For a field k, the Brauer group Br(k) = Br(Spec k) coincides with the classical
notion defined as the group of equivalence classes of central simple algebras. A
classical reference is [Gro68].

The Kummer exact sequence of étale sheaves

0op, -G, LG, -0

induces a long exact sequence

+ = Pic(X) - H3(X.p,) = Br(X) = Br(X) — -
When X = Spec R, where R is a local ring, we have Pic(X) = 0, so that
Br(X) [n] ~ H*(X,p,),
where the left hand side denotes the n-torsion subgroup of Br(X).

Definition 2.20. Let M be a contravariant functor from schemes to abelian groups
(e.g. étale cohomology), and let k C K be two fields. Let

M, (K/K) = ﬂ image(M(Spec A) > M(Spec K)),
kcAcCK

where A runs through all discrete valuation rings with fraction field K.

This is called the unramified version of the functor M. For example, one has the
unramified Brauer group Br, . (K/K), and unramified cohomology Hi.(K/k, p,,).

A deep result on the cohomological purity of the Brauer group gives rise to the
following theorem.
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Theorem 2.21. Let X be a regular, complete, integral K-variety. Then the natural
map Br(X) — Br(k(X)) induces an isomorphism

Br(X) =~ Br, (k(X)/K).

See [CTS19, Proposition 5.2.2].
The discussion above immediately implies the following.

Corollary 2.22. Let X be a regular, proper, integral k-variety. Then
Br(X) [n] ~ H2(k(X)/K, ). O

Since the Brauer group is a torsion group [CTS19, Proposition 1.3.6], it can
thus be computed by the unramified cohomology groups.
On the other hand, the second cohomology of p,, is a part of the cycle module

(in the sense of [R0s96]) _ -
@, H'(—m ™),

which we do not give a precise definition here. This allows it to be regarded as a
“coefficient group” for Chow groups. As a result, there is an action of correspon-
dences

Corr(X,Y) ® HA(k(X)/k,p,) — HA(k(Y)/k, 1)

for k-varieties X, Y. This action will relate the Brauer group with the decomposi-
tion of the diagonal.

Theorem 2.23. Let X be a smooth projective K-variety. If X admits a decomposi-
tion of the diagonal, then the natural map induces an isomorphism

Br(k) = Br(X).
In particular, if Kk is separably closed, then Br(X) = 0.

Sketch of proof. The decomposition of the diagonal implies that the identity map
and the constant map (to be precise, a sum of constant maps) induce the same action
on

Ha(k(X) /K, ).

But the action of a constant map factors through H?2 (k/k, p,), via the corestriction
map, whence the result follows. O

3 The deformation method

In this section, we describe the deformation method which produces irrational va-
rieties. We show that if we have a good family of varieties, and if one of them does
not have a decomposition of the diagonal, then a very general one in the family will
not have a decomposition, and hence, will not be retract rational.

This method was developed by C. Voisin [Voil 5], and modified by J.-L. Colliot-
Thélene and A. Pirutka [CTP16], to show that a very general quartic threefold in
Pé is not retract rational. We will present a proof of this result.
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Families of cycles

Definition 3.1 (Kollar [Kol96, Definition 3.10]). Suppose that
e Kk is an algebraically closed field of characteristic 0.

e S is ak-scheme.

X /S is a projective S-scheme, with a chosen relatively ample line bundle.

B/S is areduced normal S-scheme.
e d and d’ are non-negative integers.

A well-defined family of d-cycles of X of degree d’ parametrised by B is a cycle

C=Y.m[C] of XxgB,

1
such that
e Each C; is an integral closed subscheme of X X ¢ B.

e For each i, the image of the projection map g; : C; — B is an irreducible
component of B. In particular, g; is flat over a dense open subset of B.

e Each fibre of g; defines a d-cycle of X of degree d’. This means that the
fibre is either empty or of dimension d, and that g; is flat over a dense open
subset of B.

The deep theorem below shows the existence of a universal family of cycles, in
that every family of cycles is realised as its pullback.

Theorem 3.2. Under the assumptions of Definition 3.1, for an S-scheme Z, define

Chow®!' (7) = {

well-defined families of non-negative d-cycles }
X/S

of X of degree d’ parametrised by Z

Then

!

e Chow®*

X/s is a contravariant functor from the semi-normal S-schemes to sets.

o Moreover, this functor is represented by a projective semi-normal S-scheme

dd’
Chowx/s,

defined family of non-negative d-cycles

called the Chow scheme, so that there exists a universal well-

d !

X‘/is of X parametrised by Chow;;’;,

Univ
such that every other family of cycles is its pullback.

See [Ko196, Theorem 1.3.21].
We also recall the existence of Hilbert schemes.
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Theorem 3.3. Let S be a locally noetherian scheme. Let X — S be a projective
morphism. For an S-scheme Z, define

Hilb®?' (Z) = {

closed subschemes of X Xy Z flat over Z }
X/S :

of relative dimension d and relative degree d'

The functor Hilb‘;(’j;, is represented by an S-scheme Hilbi(’?;, called the Hilbert

scheme, whose irreducible components are projective over S. As a result, there
exists a universal family of subschemes

U c  XxgHibys,

such that every other family of subschemes is its pullback.

Below, we will write

Chowys = [ [ Chow§s and Hilbys = ] ] Hilb}Ys.
d,d’ d,d’

Locus of rational equivalence

Situation 3.4. Suppose
o Kk is an algebraically closed field of characteristic 0.
e B is a smooth K-scheme.
e X — B is a projective morphism.
Lemma 3.5. In Situation 3.4, for any non-negative integer d, there exists
o A countable family of normal, irreducible, quasi-projective B-schemes {T;}.

o For each index i, a family of smooth (d + 1)-dimensional varieties W; = T,
with two families of divisors E; |, E;, — T, of W,

such that

e Forany b € B and any subvariety V. C X, of dimension d + 1, there exists
a desingularisation V, such that for any two effective divisors D, D, of Vv,
such that D, — D, is principal, there exists i and t € (T}),(K), such that the
data (17, Dy, D,) is identical to (W}),, (E; 1);, (E;5),).

The reason to consider a desingularisation of V', instead of V' itself, is that on a
smooth variety, a Weil divisor is the same thing as a Cartier divisor, and the Weil
divisor class group is the same as the Picard group. The normality of 7; is required
in order to (later) satisfy the definition of a well-defined family of cycles.
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Proof. By [EGA-IV3, Theorem 9.7.7], the set of points in the Hilbert scheme
HiIb;i(J;lB corresponding to the geometrically integral subvarieties is locally con-
structible. Let G be an irreducible component of this set, equipped with the re-
duced scheme structure. Then G is quasi-projective over .S, as the components of

Hilb‘)j;;lB are projective. Let

WcCcGxg X

be the universal family of (d +1)-dimensional subschemes. The morphism W — G
is thus projective, flat, with geometrically integral fibres.
The generic fibre Wy, is integral, as its irreducible components correspond

to irreducible components of a general fibre. By Hironaka’s theorem, let VIN/k(G) -
Wi be a desingularisation map. This map extends to a map

W, - W,

of schemes over an open set G; C G, where W) = W/|, . Shrinking G if neces-

sary, we can assume that for any € G, (k), the map ’I/T/'l’, — W, of fibres over ¢ is
a desingularisation map.
By noetherian induction, we can find a decomposition

G=U"L G,

with G; locally closed in G, together with maps W/J — W, over G;, where W; =
W G, such that for all 7 € G, the map W, — W, is a desingularisation map.

Let G ; — G, be a desingularisation, and we still denote by IF/I\;J - 51 the
pullback of the family W, — G;.

Since WJ is projective and flat over G,, with geometrically integral fibres, there
exist the schemes with a morphism

Ab: DiVIT/j/CN;j - PiCVNVj/gj,

where Divy & is the scheme parametrising the effective Cartier divisors [FAG,
J J

Theorem 9.3.7], which is quasi-projective over 67 , and hence over B, and Pic; /G
J J
is the Picard scheme [FAG, Theorem 9.4.8]. Let

AJ- - DiVI/T/j/(N;j X DiVVT/}/CN;j

be the inverse image of the diagonal of Picy; /G, X Picgy 6 under the map Ab X
J J J J

Ab, equipped with the reduced scheme structure. Let T be one of its irreducible
components, and let T' be the normalisation of T'. Thus T is quasi-projective over
B.

The family of all the schemes T, together with the two universal families of
divisors given by the Div schemes, satisfies the requirement of the lemma. O
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Of course, a rational equivalence of two d-cycles may involve more than one
(d + 1)-dimensional subvariety. The next lemma deals with this situation.

For simplicity, if V' C X, is a subvariety, we will say “the desingularisation”
of V' when we refer to the variety v given by the previous lemma, and we simply
add a tilde to indicate this desingularisation.

Lemma 3.6. In Situation 3.4, for any non-negative integer d, there exists
o A countable family of normal irreducible B-schemes { H,}.

. . . . n;
e For each index i, an integer n; > 1, and n; triples (W, ;, E, ; ,, Eij2)iy
where for each j, W;; — H; is a smooth projective family of (d + 1)-
dimensional varieties, and E; E;;, — H; are two families of divisors

i,j,1°
of I/Vi,j’
such that

e For any b € B(Kk), and any data (Vj, D;,. Dj72);7:1, where each V, is an

integral subscheme of X, of dimensiond+1, and D; ;, D; , are two effective
Weil divisors on the desingularisation 171 of V;, such that D;; — D, , is a
principal divisor on V;, there exists i and t € (H;),(K), such that the fibre
((VV,-)t, (Ejij e (E,-’j’z)t) is identical to the given data.

Proof. For each n-tuple (T}, ..., T,) as given by the previous lemma, we consider
the normalisation H of the product T X---XT, , equipped with the data of n triples as
given by the previous lemma. The collection of all such H satisfies the requirement
of this lemma. |

Our effort to parametrise all possibilities for a rational equivalence allows us to
prove the following result.

Lemma 3.7. In Situation 3.4, let
Z\.Z, € Chowy,4(B)
be two well-defined families of cycles. Then there exists
o A countable family of quasi-projective B-schemes { M }.

e For each index i, the data (W, ;, E; ; |, Ei’j’z):.l"zl as in Lemma 3.6, with M,
in place of H,,
such that
o The union of the images of M;(K) in B(K) is exactly the set

{be BKk)|[Z,,] =1[Z,,] in CH,(X,)}.
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e For any b € B(k), and any data (V;, D;,, D;,);_, as in Lemma 3.6, such
that
Zyp+ Zimi D)) = Zyy + XL [Dis]  inZy(X,),

there exists i and a point t € (M,),(K), such that the fibre ((VV,»),, (Eij1)o
(E;, j’z),) is identical to the given data.

Proof. Let { H;} be the family in Lemma 3.6. We define a morphism

f1 H; > Chowy g X Chowy /.
s (Zl + 2;21(]5[,;,1):7 Z, + Z;’i:l(Ei,j,Z)t>’

where (E; ; | o), 1s regarded as a cycle of X via the pushforward along the desin-
gularisation map (onto a closed subvariety of X'). Now let M, be the inverse image
of the diagonal along f', with the reduced scheme structure, equipped with the data
of n; triples given by that of H;. This proves the second statement.

For the first statement, write Z = Z; — Z,. Let b € B be a point where Z,
is rationally equivalent to zero. Then, there exist subvarieties V] C X,, where
Jj =1,...,n, and rational functions g; on V;, which give rise to rational functions

gNj on a desingularisation I7j such that
Zy =2 (f).(div g)),

where f; denotes the map I7J — X,. Conversely, the existence of this data implies
that Z, is rationally equivalent to zero, since M; is taken to be the inverse image
of the diagonal. Therefore, the locus where Z,, is equivalent to zero is exactly the
union of the images of the M;. |

We are now getting close to the main theorem, which states that the locus where
[Z,,] = [Z,,] is a countable union of closed sets. There is one further lemma
needed.

Lemma 3.8. Let M be a smooth K-variety of dimension m, with k algebraically
closed, and let f : W — M be a flat morphism of relative dimension r. Let Z be
an n-cycle on W. Suppose that

o There is a dense open set M° C M, such that Z| ;-1 (-, is rationally equiv-
alent to 0 in f_l(M").

Then
o Foranyt € M(K), the fibre Z, is rationally equivalent to 0 in W,.

Proof. Lett € M(k) \ M°(k) be a point. As in the proof of Lemma 2.9, we can
find a curve C in M, passing through ¢, and not contained in M \ M°. Taking the
normalisation of this curve, we may thus assume that M is a smooth curve.
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Let D = M \ M°, which is now a finite set. There is an exact sequence [Ful98,
§1.8]

CH, (f~'(D)) —= CH,(W) —> CH,(f~(M")) = 0,

so that Z = i (z) for some z € CH,,(f_l(D)), where i : f_l(D) — W denotes
the inclusion. But by the projection formula [Ful98, §2.3], the intersection of i,(z)
with the divisor (D) of W is i*i*(f_l(D) - z) = 0, so that Z, is rationally
equivalent to O for any ¢ € D. O

Now we are ready to prove the main result, and our proof follows that of [Voil5,
Proposition 2.4].

Theorem 3.9 (Voisin). In Situation 3.4, let
Z,,Z, € Chow’, /5(B)

be two well-defined families of cycles. Then there exists a countable family { B;} of
closed subschemes of B, such that

{be BK)|[Z,,] =[Z,,] in CHy(X,) } =, Bi(K).

Proof. Let {M;} be as in Lemma 3.7. Replacing each M, by its desingularisation,
we can assume that all M; are smooth.

Let B, C B be the closure of the image of M, in B, as a closed integral sub-
variety. By Lemma 3.7, the equation [Z, ,] = [Z,,] implies b € B; for some i.
Thus, it suffices to show that it holds for all b € B,.

Let B; C B; be an open subset contained in the image of M;, and let M; be
the inverse image of B in M;. Let X,, = X Xp M;, and Z; the pullback of
Z = Z,—Z, along the morphlsm Xy, > X, whichis actually the Chow pullback
of families of cycles along the map Ml — B. Then Z; is equal to the universal
cycle Z;”;I(Ei,j,l — E; ;,) on M, and hence is rationally equivalent to zero.

By taking the closure in a projective bundle, the morphism M; — B; extends
to a projective morphism M, — B;. Again, taking a desingularisation, we may
assume M, is smooth. Write X w, = X Xp M;. Now apply Lemma 3.8 with
M = M;, W = X3, and M" the inverse image of M;. This shows that for all

b € B;, the cycle Z, is equivalent to zero. O
Locus of decomposability of the diagonal
Lemma 3.10. Suppose

o K is an algebraically closed field of characteristic 0.

o B is a smooth K-scheme.

e X — B s a projective morphism, and write Y = X Xy X.

Then there exists
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o A countable family of smooth irreducible B-schemes { F;}.

o For each index i, a well-defined family of non-negative d;-cycles C; of Y of
degree d!, parametrised by F,,

such that

e Forany b € B and any non-negative d-cycle C of Y;, of degree d', supported
in Z X X, for a codimension 1 subset Z C X, there exists i and x € (F}),
such that C = (C)),.

e For any x € (IF}),, the cycle C = (C);),, is supported in Z X X, for a codi-
mension 1 subset Z C X,

The condition “supported in Z XX ,” is the main point of this lemma. In fact, the
proof would be a lot easier if we dropped this condition. This lemma will be used
to parametrise all possibilities for the term D in a decomposition of the diagonal,
as in Definition 2.14.

Proof. First, we need to parametrise all the subschemes of X that are codimension
1 in X, at each b € B. Therefore, we consider an irreducible component

H C Hilby /.

parametrising the codimension 1 subschemes. Let U C H Xz X be the universal
subscheme. Thus if we look at the fibre at b € B, then H,, parametrises the codi-
mension 1 subschemes of X, and U, C H,X X, is a subscheme whose intersection
with {c} X X, gives the subscheme of X, corresponding to c.

Next, we want to parametrise all the subschemes of Y which have the form
(codim 1 subset) X X, when restricted to the fibres. This is given by the universal
subscheme

U' =UxXp X CHXpXxXpX,

which, at b € B, when intersected with {c} X X, X X,, gives the subscheme of
X, X X, corresponding to c.

Finally, we parametrise cycles of Y supported in a subset of the form of the
previous step. Thus we consider an irreducible component

C c Chowy /.
Let V € Z,(C X U’) be the universal family. Since
CxyU cCxy HXg X Xg X 2Cxp X Xp X,

we can view V as a family of cycles of Y parametrised by C.

Thus, all choices of H and C will give a countable set of families, which to-
gether parametrise all the cycles of Y of the given form.

However, the parametrising schemes need to be smooth. We thus apply Hiron-
aka’s desingularisation theorem to the schemes C. O
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Proposition 3.11. Suppose
o Kk is an algebraically closed field of characteristic 0.
e B is a smooth K-scheme.
e X — B is a projective morphism.
Then there exists a countable family { B;} of closed subschemes of B, such that
{b € B(k) | X, has a decomposition of the diagonal} = Ui B;(k).

Proof. Let F;, F;, be two of the schemes as in Lemma 3.10, with d; = d;; =

dim(X /B), and let C;, C;, be the universal cycles, lying in X Xp X Xp F; ;.
%;l, respec-
tively, where d is arbitrary, and let D;, D;, be the universal cycles lying in X Xg

G.

jOrj/‘

We define two cycles of Y = F; Xp G; Xp X X X Xp G X F;y by

Let G;,G;/ be irreducible components of Chow(;éd p and Chow

Z, = ([Gj] X Ci + [F]1X[G;]1 X [Ax /gl + [F] X [X] ><Dj> X[G; 1 X [Fyl,
Z, = [F]1X[G;]x (C,., X [G 1+ [X]1x D X [F,-,]>,

where [Ay ] is the diagonal class.
Now apply Theorem 3.9, where we take X to be Y, and take B to be

Fixp Fy Xp G; X G
At the point
t=(t,1y, X1, %) € (F)p X (Fj)p X (Gj)b X (Gj’)b7

the cycle Z; gives [Ay, 1+2;+[X,]xx, where z, is a non-negative cycle supported
in Z x X, for Z C X, of codimension 1, and similarly, the cycle Z, gives [X,] X
X, + z,, with z, likewise.

Therefore, Theorem 3.9 implies that the locus where the equation

holds (for non-negative x|, x,, z;, z,) is the union of countably many closed sub-
sets. O

This result is restated as follows.
Theorem 3.12. Suppose
e K is an algebraically closed field of characteristic 0.

e B is a smooth K-scheme.
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e X — B is a dominant projective morphism.

o There exists a k-point 0 € B, such that the fibre X, does not have a decom-
position of the diagonal.

Then fora “very general” k-point b € B, the fibre X, will not have a decomposition
of the diagonal. O

By “very general’, we mean “except a countable union of closed sets of codi-
mension > 17.

This means that if we can find one example in a family of varieties, which we
can show has non-trivial Brauer group, and hence does not have a decomposition
of the diagonal, then a very general variety in this family is not retract rational.

Stable equivalence

This subsection gives a variant of the above result, concerning stable equivalence
instead of retract rationality.

Definition 3.13. Two projective k-varieties are stably equivalent, if
X xP™" isbirationalto Y xP”"
for some m,n € N.
Stable rationality is the same as stable equivalence to a point.

Lemma 3.14. Let X, Y be two K-varieties, such that there exist open sets U C X,
V cY xP", and two morphisms p: U -V, q: V — U, such that q - p = idy,.
Then there exist two correspondences

f € Corr(X,Y), ge€Corr(Y,X),
such that for any field extension K/K, the induced map
(g /), CHy(Xg) — CHy(Xg)
is the identity map. When X is smooth, we have a decomposition
[Ay]=D+geo f in Corr(X,X),

where D is supported in Z X X for some closed subvariety Z C X of codimension
at least 1.

Proof. The correspondence f is given by the rational map

XH3ULVveyxp oY,

and g is given by a rational map

YoYxP v huox,
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where the inclusion Y & Y X P" is chosen so that the composition is defined. To
prove that g o f induces the identity map on CH,(X¥), it suffices to prove that the
map

YXP"S5Y S Y XP?

induces the identity map on CH,,. This is because every closed point of Y x P"
is sent to another point that lives in the same slice of P", and hence, is rationally
equivalent to it as a O-cycle.

For the second part, we use an argument as in the proof of Theorem 2.18.
Namely, we change the base field to k(X), to find that

gk(x) ° fk(X)(ﬂ) =f in CHo(Xk(x)),

where f is the class of the generic point. The rest of the proof is analogous to the
proof of Theorem 2.18, (ii) = (iii). O

Note that the assumptions of this lemma is satisfied when X and Y are stably
equivalent.

Using an argument as in the proof of Proposition 3.11, we obtain the following
result.

Theorem 3.15. Suppose

e Kk is an algebraically closed field of characteristic 0.

e B is a smooth K-scheme.

e X — BandY — B are two projective morphisms.
Then the set of all points b € B(K) such that there exist correspondences

f € Corr(X,,Y,), ge€Corr(Y,,X,),
and D as before, such that
[Ay)=D+gof,
is a countable union of closed sets.
Proof. We apply Theorem 3.9, where we take X to be
XXp XXp F;Xg Fy Xp G; Xp Gy Xg H Xg Hys,

where

e F,, F,, are given by Lemma 3.5.

e G;,G;/, Hy, Hy/ areirreducible components of Chow y, vy 5, parametrising
B
the correspondences from X to Y for G | and G " and from Y to X for H,
H,.
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The rest of the proof is analogous to the proof of Proposition 3.11. O

Corollary 3.16. Under the assumptions of Theorem 3.15, the set of all points b €
B(K) such that X, is stably equivalent to Y, is contained in a countable union of
closed sets. Moreover, this union does not contain any point b € B(K) such that
X, is smooth and has a decomposition of the diagonal, and Y, does not have a
decomposition of the diagonal

Proof. The countable union of closed sets given by Theorem 3.15 satisfies this
requirement. Indeed, for those b € B(k) such that X, and Y, are stably equivalent,
Lemma 3.14 shows that b is in this union.

To prove the last statement, let b € B(K) be such a point. We show that such
correspondences f, g as in Theorem 3.15 do not exist between X, and Y,. In fact,
if they exist, then g o f acts on CH,(X) by the identity map. But since idy sends
every O-cycle to its degree multiplied by a fixed O-cycle of degree 1, so does the
correspondence go f = geidy o f. Moreover, this holds over any field extension of
k. By Theorem 2.18, X has a decomposition of the diagonal, a contradiction. [

In particular, if we take X to be a constant family which is smooth, we de-
duce that every stable equivalence class in a family of varieties is contained in a
countable union of closed sets.

Corollary 3.17. Suppose
e K is an uncountable algebraically closed field of characteristic 0.
e B is a smooth K-scheme.
o X — B is a dominant projective morphism, with smooth generic fibre.

o There exist two K-points by, by € B, such that the fibre X, has a decompo-
sition of the diagonal, while the fibre X, does not have a decomposition of
the diagonal.

Then there are uncountably many stable equivalence classes of varieties in this
family.

Proof. For those smooth fibres X, that do not have a decomposition of the diagonal,
we apply Corollary 3.16 to the constant family BX X, — B and the family X — B.
It follows that the set of &' € B(k) such that X is stably equivalent to X,/ is
contained in a countable union of closed sets, which can not coincide with the
whole space.

By Theorem 3.12, the locus of smooth fibres with no decomposition of the
diagonal is the complement of a countable union of closed subsets of B. Therefore,
in order to cover this locus, there must be uncountably many stable equivalence
classes of fibres of X — B, since each of these classes is contained in a countable
union of closed sets. O
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4 The specialisation method

The specialisation map

The main idea of the specialisation method is to build a way to transport properties
between the generic fibre and the special fibre. We consider the following situation.

Situation 4.1. Let A be a discrete valuation ring, with fraction field K and residue
field k. Let & be an A-scheme. Suppose that

o The special fibre X° = I X 4 K is a K-variety.
o The generic fibre X = X X4 K is a K-variety.

After Colliot-Théléne and Pirutka [CTP16], we introduce the specialisation
map on the Chow groups.

Proposition 4.2. [n Situation 4.1, there is a specialisation map
o : CHy(X) - CHy(X®),
which preserves the degree of 0-cycles.

Proof. By [Ful98, §1.8 and §20.1], there is an exact sequence

CH, (X*) — CH,(Z) - CHy(X) — 0,

where i, j are the obvious inclusions. (The last term is CH,, instead of CH,, since
Spec K is a 1-dimensional point in Spec A.)
By [Ful98, §2.6 and §20.1], there is a Gysin map

i': CH{((Z) = CHy(X®),

given by intersection with the divisor X*® of 2. By [Ful98, Proposition 2.6 (¢)],
we have i' o i, = 0. Thus the map i' factors through the cokernel of i,, giving the
desired map. O

Lemma 4.3. In Situation 4.1, suppose that A is henselian, and X is proper and
flat over A. Let X3, C X°® be the open set where X*® is smooth. Then every 0-cycle
of X® supported in X3, can be lifted along the specialisation map

o : CHy(X) - CHy(X?®)
to a 0-cycle supported in X y,.

Proof. We follow [EKW16, §4]. It is enough to lift the closed points of X? .
Let x € X, be a closed point, and let ay, ...,a, € Oy; , be a regular sequence
generating the maximal ideal. Choose liftings a,,...,a, € Og . Since Oy, , ~
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Oq /7n0g ., Where £ € A is a uniformiser, it follows that r, @, ..., a, is a reg-
ular sequence in the (n + 1)-dimensional local ring Oy .. Therefore, the ideal
(@, ...,a,) C Oy, defines a 1-dimensional subset of Spec O ,, whose closure
in & is a 1-dimensional subscheme Z C &. Then Z is flat of relative dimension 0
over A, and hence quasi-finite over A. By properness, it is finite over A. It follows
that Z ~ Spec B for a finite A-algebra B. Since A is henselian, B is a product of
local rings. Therefore, the irreducible component of Z containing x meets X* at a
single point x. The corresponding O-cycle of X has the desired property. O

Lemma 4.4. In Situation 4.1, suppose that
o A is henselian, and X is proper and flat over A.

o The generic fibre X has a desingularisation p : X — X, such that X is
universally CHy-trivial.

Then every 0-cycle of X°® of degree O, supported in the open set X3, C X° where
X* is smooth, is zero in CHy(X®).

Proof. Let U C X be a dense open set such that p: p ' (U) - U is an isomor-
phism. Let x be a O-cycle of X?, of degree 0. By Lemma 4.3, x lifts to a 0-cycle of
X of degree 0. By the moving lemma 2.9, it is equivalent to a O-cycle supported
in U, which then lifts to a 0-cycle of X. This 0-cycle is equivalent to 0 in X by
hypothesis. Therefore, applying the map

CH,(X) =5 CHy(X) — CHy(X*),

we see that x = 0 in CHy(X?®). O

Rationality and specialisation

The main result is that the rationality (or more precisely, universal CHy-triviality)
of the generic fibre can be specialised to the special fibre, so that once we show
that the special fibre is irrational, we know that the generic fibre is also irrational.

First, we make clear what we need to obtain universal triviality for a desingu-
larisation.

Lemma 4.5. Let f: X > Xbea desingularisation map between two projective,
geometrically integral K-varieties. Suppose that

e X hasa 0-cycle of degree 1.
o f is universally CHy-trivial.

o There exists an open set U C X, with U= WU, such that f - U->U
is an isomorphism, and for any extension F [K, every 0-cycle of degree 0
supported in U is rationally equivalent to zero in X .

Then X is universally CHy-trivial.
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Proof. Since the conditions of the lemma is preserved by a base change, we only
need to prove that deg,, : CHO()? ) — Z is an isomorphism. By the first hypothesis,
this map is surjective. Thus, it suffices to show that for every 0-cycle x of X of
degree 0, x is rationally equivalent to 0. But by the moving lemma 2.9, it is equiv-
alent to one supported in U, which induces a cycle in U, which is equivalent to 0 in
X by hypothesis. Since f is universally CHy-trivial, x is equivalent to 0 in X. O

Before the main theorem, we mention a convenient result in commutative al-
gebra.

Lemma 4.6. Let A be a discrete valuation ring with residue field K, and let F /K be
an extension. Then there exists a complete discrete valuation ring B with residue
field F, together with a local map A — B inducing the field map k — F.

See [Bou06, Chapter IX, Appendix, §2, Corollary, and Exercise 4].
Theorem 4.7 (Colliot-Thélene and Pirutka). In Situation 4.1, suppose that
o X is faithfully flat and proper over A, with geometrically integral fibres.

e The special fibre X* has a desingularisation f : X® > X such that f is
universally CHy-trivial, and X® has a 0-cycle of degree 1.

o The generic fibre X has a desingularisation X - X.
Then if X is universally CH,-trivial, so is X5
Proof. The proof is done by putting the previous lemmas together.

~
N

e By Theorem 2.18, it suffices to show that Xk( X9)
notice that K(X®) ~ k(X?).

is CHy-trivial, where we

c X’

e By Lemma 4.5, it suffices to show that the open set U = (X? K(XS)

. . . ks s
satisfies the third assumption of Lemma 4.5.

e By Lemma 4.4, it suffices to show that X IS(( xv) can act the role of X* in that
lemma.

e By Lemma 4.6, we take a complete discrete valuation ring B, with residue
field k(X?®), and a local map A — B inducing the map of fields k — k(X®).
Then B is henselian. Doing a base change along the map A — B for every-
thing will complete the proof. |

There is a stronger variant of this result, which considers the geometrical
generic fibre over K, instead of over K. Before introducing the result, we need a
lemma.

Lemma 4.8. Let X be a smooth, integral, projective K-variety. If Xt is universally
CHy-trivial, then X is universally CHy-trivial for some finite extension F /K.
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Proof. By Theorem 2.18, Xt has a decomposition of the diagonal
[AXR] = Dg + [Xg]l X xy in CH,(Xg Xg Xg).

By Galois descent, there exists a finite extension F'/k over which everything in the
equation is defined, and we have

H,(Xg Xg Xg) = coli H, (X XEg).
CH,(Xgxx Xp) = colim CH, (X Xp Xp)

Therefore, there exists a finite extension E such that the equation of the decompo-
sition of the diagonal holds over E. |

Theorem 4.9 (Colliot-Thélene and Pirutka). In Situation 4.1, suppose that
o The residue field K is algebraically closed.
o X is faithfully flat and proper over A, with geometrically integral fibres.

e The special fibre X® has a desingularisation f : X* - X, such that fis
universally CHy-trivial.

o The geometrical generic fibre X = X X, K is a K-variety, with a desingu-
larisation X — X.

Then if X is universally CHy-trivial, so is X°,

Proof. Our plan is to find a suitable base change in order to apply Theorem 4.7.

First, we replace A by its completion.

Let F be a finite extension of K, on which X is defined. In other words, there
exists a smooth variety Y over F, such that Y =~ X , and there is a desingularisation
map Y — X, which coincides with the map X - X overK.

By Lemma 4.8, we may replace F by a finite extension of it, so we may assume
that Y is universally CHy-trivial.

Let B be the integral closure of A in F. By [Ser79, Proposition 1.3], B is also a
discrete valuation ring. Since k is algebraically closed, the residue field of B is also
k. We can thus do a base change along the map A — B, and apply Theorem 4.7 to
complete the proof. |

There is an even stronger variant of this result, where instead of K, we consider
any field containing K.

Lemma 4.10. Let X be a projective k-variety. If X is retract rational for some
extension F [K, then the same is true for a certain finite extension F [k.

Proof. In the definition of the retract rationality of X, everything is defined over
a finitely generated extension of k. Thus we may assume F /k is finitely generated.

For the same reason, the lemma is true when F is the algebraic closure of k.
Therefore, we may assume that Kk is algebraically closed.
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In this case, there exists a k-variety Y such that F is isomorphic to k(Y), and
there exist non-empty open sets U C X X, Y and V' C P}, such that U is a retract
of V' as a Y-scheme. There exists a closed point y € Y such that the fibres U,, and
V, are non-empty. This proves the lemma. O

Theorem 4.11 (Colliot-Thélene and Pirutka). Assume that the four assumptions of
Theorem 4.9 are satisfied. Then, if X is retract rational for a field F containing
K, then X° is universally CHy-trivial. O

5 Example: Quartic threefolds

In this section, we construct an explicit example of a quartic threefold which is
unirational, but has non-trivial Brauer group. This example was originally due to
Artin and Mumford [AM72], and slightly modified in [CTP16] so that it embeds
in P*.

The example

e Let k be an algebraically closed field with chark # 2.

e Let A C P? be a smooth conic, defined by the quadratic equation

a(zg, 21,2,) = 0.

o letD|,D, C P? be two smooth cubics, defined by
61 = 0 and 52 = O,

such that they each meet A tangentially at 3 points, giving six tangent points
0, ..., 0, and such that D; N D, is nine distinct points Py, ..., Py. These
nine points do not lie on A, since otherwise D, and D, will meet tangentially
at that point.

e Let B C P? be a cubic that intersects A in the six points Oy, ..., Q. In fact,
for any nine given points on the plane, there exists a cubic curve passing
through all of them. We use these six points, and choose three other points
which are non-collinear and not on A. This ensures that the cubic does not
contain A, and can only intersect A in these six points.

As cycles of A, we have
(D, +D,)-A=2B-A.

This means that « | 6,6, — p%, where § is the polynomial defining B. Thus
we may write
8,8, = p* — 4ay

for some y of degree 4.
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e Let S C P? be the quartic surface defined by
g = a(zg, 21, 2p) z% + B(zg, 21, 25) 23 + ¥ (20, 21, 2,) = 0.

Using the projection to P? which sends (z : z; : 2z, : 23)t0 (2 : 21 : Z)),
the surface S\ (0 : 0 : 0 : 1) can be seen as a double cover of P2, ramified
along the curves D, and D,.

e After applying a linear coordinate change in z, z{, z,, we may assume

The hyperplane z;, = 0 does not contain Q, ..., Q.
or any point of M \ { Py}, and is not tangent to A, (5.0.1)

where

9 9 9
M={g=0, <—g=00r—g=0>, —g=0},
0z, 0z, 023

and Py = (0 : 0 : 0 : 1). This is a technical assumption which we make to
avoid bad singularities.

e Now let T C P* be the quartic threefold defined by
[ =a(zg,21,2,) zg + f(zg, 21, 29) 23 + ¥(20, 21, 25) + z(z)zi =0.

It is a double cover of P3, ramified along the surface S and the hyperplane
Zy = 0.

We will see that T has the property of being unirational but not having a de-
composition of the diagonal.

We next construct an explicit desingularisation of the threefold 7" constructed
above, following [CTP16, Appendix A]. We do this in order to get a desingulari-
sation map which is universally CHyy-trivial, and such that the Brauer group of the
desingularisation is non-trivial.

e We observe that the threefold T is singular along the line
L: Zy = 7 =Z2=0

in P*, and outside of this line, it has ordinary quadratic singularities at the
points Py, ..., Py on the hyperplane z, = 0.

o Let T — T be the blow-up along L. Standard computation shows that the
exceptional divisor is a rational surface, and T is singular along a line L,
which is the inverse image of the point P =(0 : 0: 0: 0 : 1).

e Let T, — T, be the blow-up along L,. Standard computation shows that the
exceptional divisor is a rational surface, and T, only has ordinary quadratic
singularities, at the inverse images of the nine points P, ..., Py.
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o Finally, we blow up T, at the nine points P, ..., Py. This gives a desin-
gularisation of T'. The exceptional divisor over the nine points are rational
surfaces, and over L, it is a union of two rational surfaces. We can thus ap-
ply Theorem 2.13 to conclude that the desingularisation map is universally
CH-trivial.

e Artin and Mumford [AM72, §2] showed that over C, there is a smooth
projective threefold V', birational to T', such that the singular cohomology
H3(V,Z) contains non-trivial 2-torsion. It follows from the universal
coefficient theorem and the comparison theorem [Mil80, Theorem I11.3.12,
p.117] that the étale cohomology group H3(V, Z,) contains non-trivial
2-torsion. By Lemma 5.4 below, Br(}') contains non-trivial 2-torsion, and
so does Br(T,) by Theorem 2.21. In particular, Br(7;) # 0. This shows that
T is not retract rational, by Theorem 2.23.

For general k of characteristic zero, a consequence of the smooth base change
theorem for étale cohomology [Mil80, Corollary V1.4.3, p.231] shows that
Br(T,) ~ H*(T,,G,,) contains non-trivial 2-torsion. Indeed, the cited theo-
rem shows that this holds over Q, and applying it again shows that it holds
for any algebraically closed k of characteristic zero, so that T is not retract
rational.

In summary, we have the following result.

Theorem 5.1. Suppose that k is algebraically closed of characteristic zero. Then
the quartic threefold T admits a desingularisation

f: T > T,
such that f is universally CHy-trivial. Moreover, we have Br(T) #0. O

Finally, we prove the relationship between the Brauer group and the £-adic étale
cohomology group which was used above.

Lemma 5.2. Let X be a rationally connected K-variety, with chark = 0. Then
H’(X,04)=0
forall p > 0.
Proof. See [Deb03, §3.4]. O
Let X be a variety over C. The exact sequence of sheaves
0-Z- 0y —0y—0
on X (as an analytic space) induces a long exact sequence
= HY(X,04) = Pic(X) » HX(X,Z) - H*(X,04) — .

The image of Pic(X) in H 2(X ,Z) is called the Néron—Severi group, and its rank,
denoted by p(X), is called the Picard number of X.
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Lemma 5.3. Let X be a rationally connected complex variety. Then the Picard
number p(X) is equal to the Betti number by(X). O

We fix some notations. For an abelian group A and a prime number ¢, we
denote

A{f}={x€ A|¢"x =0 forsomen},

which is naturally a Z,-module. Suppose M is a Z,-module of cofinite type, i.e.
one has

M ~(Q,/Z,)® & (finite group),

then we denote by M 1" its finite part, which is the largest finite submodule of M
that is a direct summand.

Lemma 5.4. Let X be a rationally connected complex variety, and let € be a prime
number. Then

Br(X) {¢} ~ H*(X,Z,(1)) (¢},

where the right hand side is the étale cohomology of the sheaf Z,(1) = lim, pyn,
which may be identified with Z, over C.

Proof. By [Gro68, 11, Theorem 3.1, p. 80], we have an exact sequence
0 = Pic(X) ®, Q,/Z, — H*(X,p,0) — Br(X) {¢} — 0.
Since the first term is a finite sum of copies of Q,/Z,, we have
Br(X) {£}™ ~ H*(X, pye)™.

By Lemma 5.3, the “corank” of Br(X) {#} (i.e. number of summands Q,/Z,) is
b, — p =0, so that

Br(X) {£}™ ~ Br(X) {¢}.
By [Gro68, 111, (8.3), p. 144], we have an exact sequence

0= H*(X,pso)™ — H(X,Z,(1)) — lim H> (X, pye) [£"] = O,

where [¢"] indicates the subgroup of elements killed by £”. Since the last term is
torsion-free, we have

HZ(X, ufm)fin = H3(X’ Z{(l)) {7},

whence the result follows. O
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Consequences

Following Colliot-Théléne and Pirutka [CTP16], we present some consequences
of the example given in the previous subsection.

The first result provides examples of smooth quartic threefolds over complex
numbers, which are not retract rational.

Theoren_l 5.5. Let P — Pg be the family of all quartic hypersurfaces in Pé Let
t € C\ Q be a transcendental number. Then the set

{ p— ‘ z has coordinates in Q(t), and the hyper- }
C | surface P, is smooth but not retract rational

is Zariski dense in Pg .

Proof. By Theorem 5.1, there is a quartic hypersurface X C P%, with a desingu-
larisation ~
fiX->X

such that f is universally CH-trivial, and Br()? ) # 0.
Let W c PY be the closed subset corresponding to the singular hypersurfaces.

Let M € Pg be the point corresponding to X. Choose a point M’ € Pg \ W, and
let
~pl N
L~ PQ C PG

be the straight line connecting M and M, with generic point #. Then Theorem 4.9
implies that the quartic threefold X° defined by #, over the field Q(x), is not geo-
metrically retract rational. Moreover, by Theorem 4.11, for any embedding

Q(x) & C,

the base change X, c is not retract rational, where a desingularisation of X° can be
obtained via Hironaka’s theorem, as is required by Theorem 4.11.

Let R € L(C) be a point whose coordinates are in Q(1), but not in Q. Then the
quartic threefold Py is isomorphic to X, for some embedding Q(x) = C. Indeed,
we have a diagram of pull-back squares

PR PLC PG’ L )]/m
Spec C —&— L Ly ! SpecQ(x),

where P — PY denotes the family of all quartic hypersurfaces in P4(—2. By
the choice of R, in the diagram, the image of Spec C in Lg is the generic point
(since any other point is a Q-rational point, and cannot be R). Therefore, the
map Spec C — Ly in the diagram factors through Spec Q(x), giving the desired
embedding.
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Therefore, Py is not retract rational. This shows that every line passing through
M and a point not in W contains infinitely many points where the hypersurface is
not retract rational. This implies Zariski density. O

Together with results from §3, this result allows us to obtain general statements
on the irrationality of quartic threefolds over complex numbers.

Theorem 5.6 (Colliot-Thélene and Pirutka). A very general quartic hypersurface
in P‘é is not retract rational.

Proof. By Theorem 3.12, and by Theorem 5.5. O

Theorem 5.7. There are uncountably many stable equivalence classes in the family
of quartic hypersurfaces in P‘é.

Proof. We apply Theorem 3.17.
We have seen that the family contains a threefold with no decomposition of the
diagonal. But the (singular) hypersurface

X @ xgx(xg+x1)(xg—x1) =0

has a decomposition of the diagonal. Indeed,letz =0 : 0 : 0 : 0 : 1) € X,
and let X, ..., X, be the irreducible components of X, each isomorphic to P3.
The diagonal class of X; X X; is rationally equivalent to [X;] X [z], up to a minor
term D as before. Summing over i, we see that the diagonal of X X X is rationally
equivalent to [ X] X [z], up to a minor term. O

Remark 5.8. In these two theorems, the degree 4 can be replaced by any positive
multiple of 4, since one can consider quartic threefolds in P* with multiplicity
m > 1, which will be a non-reduced hypersurface of degree 4m. We use the fact that
the Chow group of a “non-reduced variety” is isomorphic to that of its reduction
[Ful98, Example 1.3.1].

Finally, we mention a result of Colliot-Théléne and Pirutka which provides
examples of smooth quartic hypersurfaces in P¢, which are defined over Q, but not
retract rational over C.

Theorem 5.9. There exist smooth quartic hypersurfaces in P that are not univer-
sally CHy-trivial over any field containing Q, and hence not retract rational over
any field containing Q, and in particular, over C.

Proof. By Theorem 5.1, there is a singular quartic hypersurface X C P4(_2, with a
desingularisation
fiX->X

such that f is universally CH-trivial, and Br(f ){2} # 0. By Lemma 5.4, we thus
have ~
H3(X,Z,) {2} #0.
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By Galois descent and by Lemma 4.8, we choose a finite extension K /Q, over
which X, X and f are defined, such that f is universally CHj,-trivial.

Let Ok be the ring of integers of K. Let U C Spec Ok be an open set, such that
there exists a map of U-schemes

£ 4 -,

such that it coincides with f : X = X over the generic point of U. Indeed, we
define them to be cut out by the same set of equations as X and X in the projective
space.

Shrinking U if necessary, we assume that U contains no 2-adic points, and that
& is smooth over U.

Shrinking U again, we assume for any closed point v € U, the map of geomet-
rical fibres

fro - Brw — Lo

is a desingularisation map which is universally CH,-trivial. In fact, it is what we
get if we start with k = k(v) in §5.

Applying the smooth specialisation property of étale cohomology [Mil80,
Corollary VI.4.2, p. 230], we see that for any v € U,

H (L5, 2y) = H?(Xg, Zy).

It follows that H3(&~"m, Z,) {2} # 0, and hence Br(ffm) # 0 by Lemma 5.4.
Fix a point v € U. We regard v as a discrete valuation on K. By Lemma 4.6,
there is an extension of discrete valuation rings

Ok, C A,

such that the residue field of A is k(v). Let L be the fraction field of A.

Finally, there exists a smooth A-scheme whose special fibre is Sl”m. Indeed,
in the projective space Pf parametrising the quartic hypersurfaces in P%, the set
of points in PY with coordinates in @, lying over %@ is Zariski dense. But there
is an open set of P]LV whose points correspond to smooth hypersurfaces.

Now we apply Theorem 4.11 to complete the proof. O

6 Example: Cubic threefolds

In this section, we consider a general example of a cubic hypersurface in P*, fol-
lowing [CTP16].

e Let p # 3 be a prime number.

o Consider one of the following two situations.
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— Let k be either a finite extension of Q,, or the field F,(#)), where g is a
power of p. Let A be its ring of integers and F the finite residue field.
Let 7 € A be a uniformising element.

— Or, let k be a number field in which p is a prime. Let A C k be the
corresponding discrete valuation ring, and let F be the finite residue
field. Let © = p.

Let K/k be a cubic extension which is unramified at 7, giving a cubic exten-
sion E/F of residue fields.

Let a be an element of the ring of integers of K, such that K = k(a). Let
p € E be its image.

Let
® € Alu, v, w, x,y]

be a cubic homogeneous polynomial, which defines a smooth hypersurface

in Pi.
Let 7 C Pf‘4 be the hypersurface cut out by the equation
¥ = Normg (v + av + a?w) + xy(x — y) + 7" ®(u, v, w, x, y) = 0,
where m > 0 is an integer that is to be chosen.
We can choose m so that the generic fibre
X =T x4k

is smooth over k. In fact, the discriminant [Sal76, Article 105, p. 93] of ¥
is a polynomial in z™, which is non-zero since the coefficient of its leading
term is the discriminant of ®. Therefore there are only finitely many values
of m for which it is zero.

We now look at the special fibre
X =2 x,F,
which is defined by the equation
Normg /g (u + pv + f*w) + xy(x — y) = 0.

Let f,, f,, 5 be the conjugates of f. Consider the linear coordinate change
over E

(u,0,w) > (u+ B+ Biw, u+ fov+ prw, u+ fv+ fw).  (6.0.1)
The equation is now simplified over E:

uvw + xy(x —y) =0.
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Geometrically, this hypersurface has three singular points
1:0:0:0:0, 0:1:0:0:0, 0:0:1:0:0. (6.02
They define a single point M € X with residue field E.

e Let X, be the blow-up of X at M. Standard computation shows that under
the map
XDg = Xg,

the inverse image of each of the 3 singular points is a union of two surfaces
P2, which intersect in a line Pllz, which contains 3 singular points.

e The Galois group G = Gal(E/F) acts on Xg by permuting u, v, w cyclically.
It follows that X | ~ (X)g/G, as a blow-up of X, has an exceptional divisor
which is a union of two surfaces Pg, and contains 3 singular points with
residue field E.

e Let X, be the blow-up of X, at these three points. Standard computation
shows that X, is smooth over F, and that the exceptional divisor over each
point is a rational surface.

e We conclude by Theorem 2.13 that the map
X, —> X
is a desingularisation map that is universally CH-trivial.

e We have Br(X,) # 0 by Theorem 6.4 below. Note that Br(F) = 0 by Wed-
derburn’s theorem, so that Br(X,)/Br(F) # 0.

In summary, we have obtained the following theorem.
Theorem 6.1. Let kK be one of the following:

o a number field,

e a finite extension of Q, with p # 3, or

o the field Fq((t)) of characteristic not equal to 3.

Then there exist smooth cubic hypersurfaces in Pﬁ that is not universally CHy-
trivial over K, and hence not retract rational over K.

Proof. By the above construction, and by Theorem 4.7, the generic fibre X°, as a
smooth k-variety, is not universally CH-trivial. O

Now, we complete the computation of the Brauer group of X.
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Lemma 6.2. Let K be a field, and let
R = Klu, v, w]/(wow — 1).

Then an element of R is invertible if and only if it is of the form t U™ V", witht € K
and m,n € Z. O

Lemma 6.3. Let p: X — B be a morphism of smooth varieties, where B is an
integral curve. Suppose that

e Pic(B) = 0.
e The Picard group of the generic fibre of p is zero.

e Foreach b € B such that X, is not integral, every irreducible component of
X, is a principal divisor of X.

Then Pic(X) = 0.

Proof. Let D C X be an irreducible divisor, with generic point . We want to
show that D is principal. There are two cases.

e p(n) is a closed point b € B. Then D is an irreducible component of the
fibre X,. If X, is not irreducible, the result follows from the hypotheses.
Otherwise, we have D = X, so that the rational function on B establishing
the divisor b € B as principal, also establishes D as principal.

e p(n) is the generic point. Then # defines a divisor of the generic fibre, which
is principal by hypothesis. We thus obtain a rational function on X, whose
divisor is the sum of D and some other divisors, each being an irreducible
component of a fibre of p. We can thus apply the first case. |

Theorem 6.4. Using the above notation, let Y be any desingularisation of X. For
example, we may take Y = X,. Then

Br(Y) ~ Z/3.

Proof. As before, we consider the coordinate change (6.0.1), so that X, is defined
by the equation
uvw = xy(x — y),

with the action of the Galois group G = Gal(E/F) ~ Z /3 by permuting the coor-
dinates u, v, w cyclically.

Let U C X be the smooth locus, so that U C X is the complement of the
three singular points (6.0.2).

Let V' C U be the open set given by xy # 0. Then Uy \ Vj consists of six
irreducible components A, ., A, ., A, ., A, Ay, Ay, where for example, A,
is defined by u = x = 0. The group G acts on them by permuting u, v, w.

Letp: Vg — AE \ {0} be the projection given by (u, v, w, x,y) — x/y. The

generic fibre is isomorphic to the surface uvw = 1 in the affine space A%(x), which
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is isomorphic to the open subset uv # 0 of Alzz(x), so that its Picard group is zero.
Moreover, the only non-integral fibre is the fibre at 1, which consists of three irre-
ducible components, each being a principal divisor of Vf, since they are defined in
Vg by the equations u = 0, v = 0 and w = 0 respectively. Applying Lemma 6.3,
we obtain Pic(Vg) = 0.

Let Divyy,\ y, (Ug) denote the group of divisors of Ug supported in Ug \ V. It
is a free abelian group of rank 6, generated by the divisors A, ., etc. The canonical
map

u,x?

is surjective, as its image is the kernel of the restriction map Pic(Ug) — Pic(Vg), the
latter group being zero. The kernel of f consists of those divisors that are principal
in Ug. We thus have an exact sequence of G-modules

0 — B[Vl /E[Ug]* — Divg \y;, (Ug) — Pic(Ug) — 0. (6.4.1)

Let us take a closer look at the first term. Suppose f € E[Vg]*. Using the
projection p: Vg — AlE \ {0} mentioned above, we can apply Lemma 6.2 to K =
E(x), to conclude that f has the form f = t(x/y)u™ v", for t a rational function,
and m,n € Z. Since f has to be invertible on V§, we must have m = n = 0, and
1(x/y) = ¢ (x/y)* for some ¢ € EX and k € Z. It follows that E[V]* ~ EX @ Z
and E[Ug]* ~ E*. The sequence (6.4.1) is thus

0 -7 -5 7161 ® ZIG] -5 Pic(Uy) — 0,

and the map «a sends k € Z to the divisor of the function (x/ y)*, which is the
element (ke, —ke) € Z[|G] @ Z[G], where € = deGg € Z[G].

Now is where the proof really begins. The exact sequence (6.4.1) will not be
used anywhere in this proof; what we use is the sequence (6.4.1) with Y in place of
U, where Y is a desingularisation of X as in the statement of this theorem. Such
a sequence is obtained by a process as in the above argument. This gives an exact
sequence of Tate cohomology groups

~7

A~ 6 A~ —
0 — H (G, Pic(Yy)) — H*(G,E[Vg]*/EX) ~Z/3
o A .
— H'(G, Divy,\y, Yg) = -+,

where the H~" of Divy, \y, (Yg) vanishes, since the latter is a direct sum of copies
of Z|G] and Z, which both have zero H! by direct computation.

The generator x/y of the second non-zero term goes to a divisor of Yg which is
the norm (in the G-module sense) of a divisor of Yg. Indeed, we have seen that the
divisor of the rational function x /y on Ug, is the norm of an element. But Yy \ Ug is
the inverse image of the three singular points of Xy, and the action of G' permutes
these three parts of Yg \ Uy. Therefore, the divisor of x/y on Yg \ Uy is the norm
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of the divisor of x/y on one of these three parts. This shows that a'(x/y) = 0, so
that x/y is in the image of 6. It follows that H (G, Pic(Yg)) ~ Z/3.
By [CTS77, Lemma 15], there is a short exact sequence

0 — Br(F,E) — Br(Y,E) — H'(G, Pic(Yg)) — O,

where Br(Y, E) = ker(Br(Y) — Br(Yg)), and similarly for Br(F, E). Since F and E
are finite, one has Br(F, E) = 0 by Wedderburn’s theorem. Since G is cyclic, one
has H' (G, Pic(Yg)) =~ 1(G Pic(Yg)) =~ Z/3. It follows that the middle term is
Z/3. In other words, there is a short exact sequence

0—Z/3 — Br(Y) — Br(Y;) — 0.

Recall the projectionp : Vi — AllE defined above. We have seen that the inverse
image of the complement of {0, 1} is isomorphic to the subset of A3, defined by
uvx(x — 1) # 0. This shows that Y is rational, so that Br(Yy) ~ Br(E) ~ 0 by
Theorem 2.23 and Wedderburn’s theorem. Therefore, Br(Y) ~ Z/3. O

7 Example: Quadric surface bundles

This section presents the result of Hassett, Pirutka and Tschinkel [HPT16], which
states that over complex numbers, a very general fourfold which is a quadric surface
bundle over P? is not retract rational, while those fourfolds that are rational are
dense in the family, in euclidean topology.

Definition 7.1. Let .S be an integral surface. A quadric surface bundle over S, is
a fourfold X € .§ x P3, such that the composition

3p1

7: XS SXP S

is flat with smooth generic fibre.

Irrationality

We are interested in the case S = P2, and we consider the family of all hypersur-
faces of P? x P? of bidegree (2,2). A general member of this family is a quadric
surface bundle over P?.

As before, we use a specific example to establish the irrationality of a very
general member.

e Consider the fourfold X c P? x P3, given by
y252 + xzt? + xyu2 + F(x,y, z)u2 =0,
where x, y, z are the coordinates of Pz, and s, t, u, v the coordinates of p’ s

with
F(x,y,2) = x> + y* + 22 — 2yz — 2xz — 2xy.



7 Example: Quadric surface bundles 41

o Hassett, Pirutka and Tschinkel [HPT16, §5] constructed a universally CH,,-
trivial desingularisation of X.

Let A be a discrete valuation ring, with valuation v, fraction field K, and residue
field k. There is a residue map

d,: HX(K,Z/2) - H'(x,Z/2) ~ k™ /x>,

which sends
(@, b) = (=1)"@v®)® /pn@

where a, b € K*, and (a, b) = a U b is the cup product of a and b. The kernel of 9,
coincides with the image of H*(Spec A, Z/2), so that an element of H>(K,Z/2)
is unramified (Definition 2.20) if and only if it is in the kernel of 0, for all v. See
[CT95] for more details.

Proposition 7.2. Br(X) contains non-trivial 2-torsion. In fact, let
a = (x/z,y/2) € Br(C(P?)[2],

and let a’ € Br(C(X)) be its image. Then a' is non-zero and unramified, i.e., lies
in Br(X).

Proof. The generic fibre X° of X — P? is a quadric surface over the field K =
C(x/z,y/z), and its discriminant is not a square in K. Applying [CTS19, Propo-
sition 6.2.3 (c)], the natural map

i : Br(K) - Br(X")

is an isomorphism. As K(X*) ~ C(X), it remains to show that a’ is unramified,
i.e., 0,(a’) = 0 for all valuations v on C(X)/C.

Let us first look at the residues of a. By definition, only the following residues
are non-trivial:

e 0 (a) =y/z € C(y/z)*/C(y/z)*, along the line L : x = 0.
e d(a)=x/z€ C(x/z)*/C(x/z)*?, along the line L,:y=0.
e J(x)=x/ye C(x/y)*/C(x/y)*?, along the line L,:z=0.

Now let v be a valuation on C(X)/C. We need to show that d,(a") = 0.
Let ©, C C(X) be the valuation ring of v. If 0, contains K, then 0,(a’) = 0.
Therefore, if we consider the centre of v in P2, there are two remaining cases.

e The centre is the generic point of a curve C C P?. The inclusion of discrete
valuation rings Op2 » C O, induces a commutative diagram

« € HXK,Z/2) —* 5 H'(x(C),Z/2)

! !

o' € HX(C(X),Z)2) —2— H'(x(v),Z/2) .
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It follows that if C is different from L., Ly or L,, then d,(a') = 0, since
d,(a) = 0. If, for example, C = L, then d,(a”) = y in the residue field

C(y.t,u)[s = \/F(0,y,1)/y] =~ C(\/y.1,u),

where we have set z = 1 and v = 1. Therefore, d,(a’) is a square in the
residue field, and hence is trivial. (The key point is that F(x, y, z) is a square
modulo any one of x, y, z.)

e The centre is a closed point P € P*. There are three cases.

(i) PZL,UL,UL,. Thenv(x/z)=v(y/z)=0,sothatd (a') =0
(ii) P lies on one of the three lines, say L,. Then y/z # 0 at P, so that
y/z is a square in the completion Op2 p, which embeds in ©,, whose

fraction field is the completion C(X),. Thus y/z is a square in C(X),,
and a’ = 0in H*(C(X),,Z/2), so that d,(a’) = 0

(iii) P lies on two of the three lines, say L, and L. As in the previous
case, F(x, y, z)/z” is a square in the completion K. Applying [CTS19,
Proposition 6.2.3 (c)] to the quadric X, we see that the image of a in

H 2(K(X ), Z,/2) is zero. The natural 11§1ap of fields K(X ) = C(X )y
shows that « is zero in H 2(C(X )y» Z/2). Therefore, d,(a’) = O

Applying Theorem 2.23, and applying Theorem 3.12 to the family of bidegree
(2,2) hypersurfaces in P> x P?, we obtain the following.

Corollary 7.3. A very general bidegree (2,2) hypersurface in P> xP? is not retract
rational. O

Density of the rational locus

Now, we begin to prove a remarkable fact about this example, that those rational
members in the family of quadric surface bundles over P? is dense. This also shows
that in Theorem 3.12, “a countable union of closed sets” can not be improved to “a
closed set”.

By a multisection of X /.S degree d, we mean a family of O-cycles of degree d,
in the sense of Definition 3.1.

Lemma 7.4. Let S be a rational surface, and X — S a quadric surface bundle.
Suppose that X /.S has a multisection of odd degree. Then X is rational.

Proof. X is rational, if and only if the generic fibre X° is rational over the field
C(S). Since X° is a smooth quadric surface, it is rational if and only if it has a
rational point, as the projection from a rational point will give a birational map
between X° and P?. Thus it suffices to show that X° has a C()-rational point.
By a theorem of Springer [Spr52], X° has a C(S)-rational point, if and only
if X° has a K-rational point for some extension K/C(S) of odd degree. Thus, we
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only need to show that X° has a 0-cycle of odd degree, which will imply that X*
has a closed point of odd degree.

But by hypothesis, X /.S has a multisection of odd degree, which gives rise to
a 0-cycle of X*° of odd degree. |

For a quadric surface bundle X — S, and an integral (2,2)-class, that is, an
element « € H>*(X) n H*(X;Z), we say that a meets the fibre X, in degree d,
where s € S, if the pairing of @ with the homology class of X equals d.

Lemma7.5. Let S be a rational surface, and n : X — S a quadric surface bundle.
Suppose that X has an integral (2,2)-class meeting the fibres of & in odd degree.
Then X is rational.

Proof. Let S, C S be the locus where the rank of the quadratic form is > 3 (the
full rank is 4), and let X, = X Xg S,

Let F; — S be the relative variety of lines of z, i.e., the points of the fibre (F}),
correspond to straight lines contained in the fibre X,. When X is non-degenerate,
it contains 2 families of lines, each parametrised by P'. When the rank of the
quadratic form drops by 1, X; becomes a quadric cone, which contains 1 family of
lines parametrised by P!.

This shows that F|g — S|, factors as

p
Fils, — Ty — So.

where p is an étale P'-bundle, and T, — S|, is a double cover branched along
Sy N D, where D C P? is the locus of degenerate fibres.
Let F be a desingularisation of the closure of Fy[g in F;. The correspondence
I ={(x,?) | x € £} C X X F, induces a correspondence I" from X to F, which
induces a map
I,: H*(X) > H"'(F).

On the other hand, let # be the generic point of .S. There is a map

—
=
—

. ¢ Pic(F,) = CHy(F,) — CHy(X,)

constructed as follows. For a divisor Z C Fﬂ, i.e. a choice of n lines from each
family of lines on each quadric surface, let E,(Z) C X, be the n? points where
these lines intersect. Note that =, sends a divisor of odd degree on each geometric
component of F, to a multisection of odd degree.

Now let us prove the lemma. By hypothesis, X has an integral (2, 2)-class meet-
ing the fibres in odd degree. Applying the map I',, we obtain an integral (1, 1)-class
of F of meeting the fibres in odd degree. By the Lefschetz theorem on (1, 1)-classes
[GH94, p. 163], F has a divisor which meets the fibres in odd degree. Finally, ap-
plying the map E, to this divisor, we obtain a multisection of X /.S which meets
the fibres in odd degree. Applying Lemma 7.4 completes the proof. O
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Next, we analyse the Hodge classes in the case S = P2, in order to verify the
assumption of this lemma. The key tool is the following technique of Voisin.

Lemma 7.6. Let Y — B be a flat, projective family of complex varieties. Suppose
there exists b € B and A € HP?(Y,, R), such that the infinitesimal period map

V() : Ty, —» HPH(Y,)

is surjective, where Tp ;, denotes the tangent space of B at b. Then for any open
set U C B (in euclidean topology) containing b, such that Y |;; — U is a trivial
bundle, the map (notations are explained below)

b 7"y & %ﬁ"h] ~ H?(Y,,R)xU - H*(Y,,R) - FF"'H*(Y,,R)
is submersive at A.

We use the notation #7, %ﬁ’q, etc., to refer to the vector bundles over B,

whose fibres are the cohomology of the fibres of ¥ — B. The notation FP~' H??
refers to the Hodge filtration, and in this case, it is equal to H p-lotl y grr gy ... @
HO,

Proof. See, for example, [Vo0i07, §5.3.4]. O
In the following, we use the notation
Y > B

for the family of all smooth bidegree (2, 2) hypersurfaces in P?xP3, and the notation
Y, refers to its fibres.

Proposition 7.7. The Hodge and Betti numbers of Y, are given by
e by=bg =1
o by=by=bs=0b,=0.
® by=hy | =bg=hy; =2
® by=46,hy,=hyy=0, h3="hs; =3, hy, =40
Proof. The Lefschetz hyperplane theorem shows that
b (V) = b(P*XP?) and h, (Y, = h, (P> X P?)

for k < 4 and p + g < 4. This, together with Poincaré/Serre duality, gives the first
three items.

We compute b, by analysing the map Y, — P2. Let D c P? be the locus of
degenerate fibres. If Y, is defined by the equation

2 3
Zi,j:O Zk,l:o Aijk1XiX; ViV = 0,
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where the coefficients a;;;, are assumed to be symmetric with respect to i, j and
k,l, then D is cut out by the equation

2
det (Ei,j:O a[jk,xixj)ogkg =0.
0</<3

Therefore, D is an octic curve, and hence has genus 21 and Euler number —40.
Recall that for a complex variety X and a closed subvariety Z C X, we have
an additive formula y(X) = y(Z) + y(X \ Z) of Euler numbers. Hence we have

2(Y,) = y(P' x P') y(P* \ D) + y(quadric cone) y(D)
=4-(3—(-40)) + 3 - (-40) = 52,

and it follows that b,(Y,) = x(Y,) — by — b, — bg — by = 46.

To compute the remaining Hodge numbers, we apply the result of Batyrev and
Cox on hypersurfaces in toric varieties [BC94, Theorem 10.13], which implies that
the vanishing cohomology, defined by

HP(Yy) o = HP(Y,)/ H™(P? x P*)
is given by the formula
HP7P(Y)) 0y = Jac(F )(7-2p.6-2p)>
where F is the defining equation of Y, and
Jac(F) = C[x, y, z; s, t,u, v] /| F (F)

is the Z>-graded Jacobian ring of F, where .7(F) is the ideal generated by the
partial derivatives of F.
Using this method, we obtain

e hyo=dimJac(F)_; _, =0, and hence hj, = 0 as well.
e hy, =dimJac(F) o = 3, and hence h; ; = 3 as well.
L] h2,2 = b4 - (h0’4 + h1’3 + h3’1 + h4’0) = 40 D

Corollary 7.8. There exists b € B which satisfies the assumption of Lemma 7.6,
with p = 2.

Proof. Since B C P(C[x, y, z; s,t,u, U](z,z)), we may identify
Ty, =~ Clx,y,z;5,t,u,0]5/(C - F),
where F is the defining equation of Y. The infinitesimal period map
V: Ty, x H(Y,) - HA(Y))
is given by multiplication

(Clx, y, 25 5,1, u, V] /(F))2.2) X Jac(F) 3 5y = Jac(F)(s 4),
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by [Voi07, Theorem 6.13], which applies by the identifications [BC94, Corol-
lary 10.2, Theorem 10.6, and Theorem 10.13]. We consider the fibre Y, given
by

F =x*s*+ y2t2 + 22U + yzs2 + xzt? + xyu2 + xsv + yztu + Z2uv = 0.

One verifies that it is a smooth hypersurface in P? x P°, and that Jac(F )(5.4) 18

generated by the basis elements xz*v*, yz*v* and z>v*, using computer software.
Therefore, if we take A = z30v> € J ac(F )(3,2), then the map

. A . C[x, y,zZ)s, t, u, U](Z,Z) = JaC(F)(SA)
is surjective. O

Theorem 7.9. The set of those b € B such that Y, has an integral (2,2)-class
meeting the fibres of Y, — P? in odd degree is dense in B, in euclidean topology.

Proof. Instead of finding an integral class, we only need to find such a class with
the coefficient ring
R={m/n|mne€Z,?2}n},

as we can multiply by an odd integer to turn such a class into an integral class. (We
have an obvious definition of an odd element in R.)

Let b, € B be as in the previous corollary, and let U C B be an open set which
trivialises Y — B near b,. Such a trivialisation preserves the homology classes of
the fibres of Y, — P2.

We have shown that H 0’4(Yb0) = 0. Thus, Lemma 7.6 shows that the image of
the map

. 2,2 4
¢: Ty — HY, . R)

contains an open set. Since the image consists of those classes that are of type (2, 2)
over some b € U, it suffices to show that the elements of H 4(Ybo, R) that meet the

fibres of Ybo — P2?inodd degree are dense in H 4(Y »» R), so that one such element
lies in the image. We only need to prove this for b, € B, as the set of such b, is
Zariski open in B.

The quadric surface bundle Y, has a constant section P’ - Y, givenby s =
t = u = 0. This givesrise to an elementa € H 4(Ybo, 7)), which intersects the fibres
of Ybo - P%in degree 1. For any f € H4(Yb0, R), the class a + 2 also intersects
the fibres of Ybo — P?in odd degree. Such classes are dense in H 4(Yb0, R). O

The results are summarised as follows.

Theorem 7.10. In the family of all bidegree (2,2) hypersurfaces in P> xP?, a very
general member is not retract rational, while the rational members form a dense
subset in the family, in euclidean topology. O
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